Let SZ C I~d be a bounded domain with boundary of class C2, let T > 0 be given and assume f : R -R is locally Lipschitz-continuous. We will consider semilinear parabolic systems of the form In (1.1), y = y (x , t ) is the state and v = v (x , t ) is a control that acts on the system through the nonempty open set c~ C Q . 1 ~, denotes the characteristic function of the set c~. We shall denote by Q the cylinder Q x (0, T ) and by 03A3 its lateral boundary ~03A9 x (0, T).
We will assume that Yo E L 2 ( S2 ) and v E x (0, T)). In most part of this paper, we will also assume that, for some yo and v, system ( In accordance with the results in [5] , under the growth condition the solutions of (1.1) are globally defined in [0, T]. More precisely, one has This is also true if, instead of (1.4), we assume a "good-sign" condition, like the following:
The main goal of this paper is to analyze the controllability of (1.1) when blow-up occurs, i.e., without imposing any of these conditions (1.4) In [8] , it was shown that zero controllability holds under the more restrictive condition Note that, under condition (1.12), the solutions to (1.1) cannot blow up. Recently, V. Barbu [2] has proved the zero controllability of (1.1) under the growth condition (1.10), but imposing additional "good-sign" conditions similar to (1.5) (see also [1] ). Therefore, to our knowledge, Theorem 1.2 is the first result in the literature on the null controllability of blowing-up semilinear heat equations.
Recall that, in the context of the semilinear wave equation, due to the finite speed propagation property, if blow-up occurs, exact controllability cannot hold (see [19] ). Thus, Theorem 1.2 holds due to the parabolic nature of the equation under consideration.
For the proof of Theorem 1.2, we will use the explicit estimates on the cost of controllability obtained in [9] and the fixed point method introduced in the context of the semilinear wave equation in [17] and later applied to semilinear heat equations in [7, 8] and [18] (see also [10] ).
Recall that the estimates in [9] were obtained by adapting the global Carleman inequalities in [10] .
However, when applying the fixed point argument, we introduce a new ingredient to avoid blow-up to occur. Indeed, as usual, we first linearize the system and show its controllability analyzing how the control depends of the size of the potential of the linearized equation. Usually, one takes T as the control time for all the linearized equations (see, e.g., [17] ). However, in the proof of Theorem 1.2, the control time is chosen depending on the size of the potential so that, roughly speaking, it decreases as this size increases and tends to zero as the size tends to infinity. This is made in order to avoid blow-up phenomena to occur. Note that this strategy is in agreement with common sense: In the presence of blow-up phenomena, one has to act on the system very fast, before blowup occurs.
This idea of taking short control times has been used in [16] for the one-dimensional heat equation with nonlinearities that behave sublinearly at infinity and by O. Glass [13] In the context of linear heat equations, approximate controllability is a consequence of the null controllability property (see for instance [9] In (3.1), a = a(x, t) is a potential. We assume a E LOO(Q) and cpo E L2(Q). The following result was proved in [9] : PROPOSITION 3.1. -There exists C = C(Q, w) > 0 such that for any cpo E L2 (S2 ) and T > 0, with cp being the solution of (3 .1 ).
The proof of this result requires appropriate global Carleman inequalities, as in [10] . It is important to observe that (3. 2) provides precise estimates on how the observability constant depends on T and the size of the potential a. This will be essential when dealing with the semilinear problem (1.1) and in particular, when dealing with nonlinearities that may lead to blow-up phenomena.
However, in order to prove Theorem 1.2, we need a refined version of the observability inequality (3.2) . This will be obtained in the next section.
A refined observability inequality
The following holds: Proof. -We will proceed in several steps.
Step 1 Combining (3.5) and (3.6), we see that (3.4) holds.
Step Step 3. -The inequalities (3.4) Here, for each cpo E is the corresponding solution of (3 .1 ) .
It is not difficult to see that cpo r-+ Js is a continuous and strictly convex function on L2 (SZ ) . Moreover, J~ is coercive. In fact, proceeding as in [7] , it can be checked that Therefore, J~ achieves its minimum at a unique r;f1 E L 2 ( SZ ) . Let éh be the associate solution of (3.1 ) . Again arguing as in [7] , it is easy to see that, for some the solution y~ of (3 .13) (3.24 ). This will be used below.
Let us set Z = Let R > 0 be a constant whose value will be determined below. We will use the truncation function TR, which is given as follows:
For each z E Z, we will consider the linear system Obviously, (3.29) is of the form (3.13), with a = g(y*, TR (z)) E L°° ( Q) . [3, 5, 6, 11, 12] Thus, it can be expected that the fixed point techniques we have used in this paper serve to prove finite-approximate controllability at least for functions f satisfying However, this has to be done.
Extensions
The results we have proved may be extended to other situations including boundary controls, parabolic operators with variable smooth coefficients, initial data in LP with p not neccesarily equal to 2, etc.
